In this contribution, the Generalized Thermodynamic Formalism is applied to a nonhyperbolic dynamical system. The associated generalized entropy function is discussed. The model considered is equipped with a generating partition of two symbols; in contrast to analogous hyperbolic models, the support of the generalized entropy function is two-dimensional. Furthermore, the phase-transition-like behavior caused by the nonhyperbolicity of the measure is shown to lead to the manifes tation of a critical line in the surface described by the generalized entropy function. It is discussed how the different combinations of phase-transitions in the more specific entropy spectra / (x), Sc (s) and </>(/.) are determined by the form of the generalized entropy function.
Introduction
The scaling behavior of experimental dynamical systems has become a wide-ranging field of research since it was realized that for a description of such a system, various mutually independent characteriza tions are necessary. The most prominent among these characterizations are the fractal dimensions and the Lyapunov exponents, on the one hand, and the differ ent concepts of entropy and complexity, on the other hand. For a convenient description of a system, also fluctuations of the first two quantities should be taken into account. This can be achieved by considering scaling functions of fractal dimensions and Lyapunov exponents [1] [2] [3] [4] [5] [6] [7] [8] .
Recently, the usefulness of a joint approach of Lya punov exponents and fractal dimensions to the scaling behavior of a dissipative dynamical system has been made evident by different people [9, 10] , including the present author [11] [12] [13] [14] [15] [16] [17] [18] [19] . Within this approach, the scaling properties due to the Lyapunov exponents are interpreted as scaling properties of the support, on which the measure is distributed according to the un derlying symbolic dynamics, following its own inher ent rules. From the entropy function of the joint scal ing properties (called generalized entropy function) the well known entropy-like scaling functions of gen Reprint requests to Dr. R. Stoop/co Priv. Doz. Dr. J. Parisi, Physics Institute, University of Zurich, Schönberggasse 9, CH-8001 Zurich, Switzerland.
eralized Lyapunov exponents and fractal dimensions are obtained by restriction.
In earlier contributions, e.g. [12, 13, 15] , the form of the generalized entropy function for three-scale Can tor sets was discussed. More specifically, for the generic case of restricted symbolic representations it was shown [17] that calculations based on the 'canon ical' partition function (3) lead to severe numerical problems, which, however, in the case of finite gram matical rules, can be overcome by the use of appropri ate zeta functions. In contrast hitherto, the present contribution deals with effects in the generalized en tropy function which arise from a nonhyperbolicity of the system considered.
The Model
As the specific model for our investigation we con sider a system which can be described by the combina tion of a hyperbolic support map with a nonhyper bolic measure map. As a very simple example of a hyperbolic support map we take the tent map /: x -* x //l5 for xe[0, /1/(/1 + /2)],
where = | and l2 = j. The map of the measure, in stead, is given by
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the fully developed logistic map. Note that in this way, no restrictions are imposed on the associated binary grammar.
The Generalized Thermodynamic Formalism
The mathematical description of any model as an appropriate dynamical system usually starts with the definition of a suitable generating partition. For a given system, many diverse generating partitions are possible, in principle, depending on the point of view one is interested in. If one wants to investigate the dynamical behavior, however, a partition is necessary which is 'compatible' with the dynamical scaling be havior, i.e., a dynamical partition is required.
Using such a partition consisting of M (in our appli cation M = 2) symbols it is proceeded in analogy to statistical mechanics, and the partition function [1] 
is defined. Here the size of the j nh region Rj of the partition is denoted by Ij, whereas the probability of falling into this region is denoted by p.
(pj = @(x)dx, where £?(x) denotes the natural mea sure). To account for the nonisotropy of the attractor, they can be thought of as vectorlike, ß, q are some times called "filtering exponents". Local scaling of / and p in n (where n denotes the 'level' of the partition) is expected. In this way, the length scale / and the probability p give rise to scaling exponents e and a through lj = e~nej,
These exponents should again be considered as vec tors. Using the above expression, from the partition function the generalized free energy FG can be derived [9] :
where log denotes the natural logarithm. Alterna tively, the generation process of the system can be described for hyperbolic problems as a fixed-point or eigenvalue equation [20a] by means of the iterative version of the Frobenius-Perron equation [12, 221 (7) R, n , , v gnU 'M *),gr'o-)) £=o,i I j (fc (x))lH0 (gE (y))T for n-* oc, where e labels the choice being made be tween the two inverses of the maps /, g. Note that, according to the above, the sum is performed for / and g over the same symbolic substrings. Starting from any smooth density Qol^y) in (0, l)x (0 ,1), a unique eigenvalue /.(q,ß) assures convergence to wards a finite Q (x, y). The dependence on x, y disap pears for large n, for x, y in the invariant set.
The free energy arises herefrom as the largest eigen value of the associated Frobenius-Perron operator
Therefore, in order to derive the generalized free energy or Gibbs potential, the relation A(q,ß) = exp{FG(q,ß)} (9) can be used. In a series of contributions, the properties of the eigenvalues and associated eigenfunctions were investigated [20 b -22] . It was shown especially that generically hyperbolic and nonhyperbolic phases could be distinguished in the generalized free energy function. The separation between the two phases was characterized as the set of points where FG was not real-analytic as a function of its parameters q and ß. In the nonhyperbolic phase (in analogy to the nongeneralized case) a linear dependence on the weightening exponents was found. The latter property will prove especially useful for the numerical calculations in Sec tion 4. In this paper, instead of the generalized free energy, we are more concerned with the investigation of the generalized entropy function SG(a, e), which, for our model, will show characteristic, generic proper ties. The generalized entropy function SG (a, e) is intro duced through the 'global' scaling assumption that the number of regions N which have scaling exponents between (a, e) and (a + da, e-l-de) scales as N (a, e) da de ~ es°(a'£) da de.
Writing the partition function formally as an integral, via a saddle-point approach, the relationship between the generalized free energy FG and the generalized entropy SG is found [9, 13] :
The angular brackets indicate hat those values of a and e leading to the maximum of the ZG (as a function of given q and ß) have been chosen. In the following, the brackets will be omitted. The free energy FG or the generalized entropy SG describe in this way the scaling behavior of the dynamical system equivalently. Note that the information-theoretical 'Renyi-entropies' evolve from FG for ß = 0. From the generalized free energy and entropy, re spectively, two additional free energies and entropies can be derived by restriction: For q = 0, we obtain the free energy first discussed by Oono and Takahashi [3] as the maximum value of SG(a, e) with respect to vari ation of y. alone for given £. The associated free energy and entropy are in this case denoted by Fc {ß) and SG (fi), respectively. Similar approaches to the dynami cal scaling behavior have been put forward in [4] [5] [6] [7] [8] .
If we consider the probabilities arising from the natu ral measure, the generalized Lyapunov exponents arise from FG(q = 1, /?); we denote the associated scal ing function by </>('•)• Furthermore, the fractal dimensions (see, e.g., [1] , and, in a slightly different form, [23] [24] ) can also be obtained from the zeros ß0 (q) of FG (q, ß) for given q. The entropy-like function / (a) introduced in [1] (often called dimension spectrum) is then given by SG (a0, £0) = e0 / (a0), where £0 and a0 lead to this zero of FG for given q and appropriately chosen ß(q). From (11) it follows immediately that -ß0 (q) = ct0 q -/ ( a 0). Due to the relationship with the fractal Hausdorff-dimensions D(q) ( -ß0 = (q -l)D(q)), this point of view is often called the probabilistic approach. An analog Legendre transformation relation can also be derived for the 'dynamical' approach for Fc (ß): it also follows from (11) that SG (fi) = £ ß + FG (ß). However, instead of Fg (ß), -Fg (ß) can be used; the latter convention leads to the identical Legendre transform situation if com pared with the former approach.
Phase Transitions a) Terminology
In order to associate the present problem with a more familiar physical situation, let us interprete (3) as the isobar-isotherm partition function of an elastic Ising chain with long-range, multispin interaction: e; then corresponds to the energy, a;e; to the length (per spin) of a state; q and ß are recognized to correspond to the pressure and to the inverse temperature, respec tively.
b) Manifestation in the Generalized Free Energy or Gibbs Potential
For hyperbolic systems, the application of (7), is straightforward. To get rid of finite-n corrections, the difference between two neighbouring levels can be considered (e.g. [22, 25] ): \og/.{q, ß) ~ log Zn(q, ß) -log Z" + j (g, ß). Typically, exponential convergence is encountered. For nonhyperbolic systems, (7) still holds, but its derivation needs some more care [22] , The nonhyperbolicity of the measure or of the support (in our example we chose it to be the measure map) comes usually from the existence of a local maximum of these maps or from singularities in their invariant sets. This property leads to a phase-transition-like be havior of FG(q,ß); around the points of nonanalytic behavior of Fc (q, ß) the convergence is then found to be much worse.
The appearance of points of nonanalytical behavior can generically be explained as follows [20 b -22] . In addition to the eigenvalue obtained from smooth, sin gularity free eigenfunctions Q (x, y), the use of singular initial functions leads to new eigenvalues / nonhyp(g, ß). The whole system chooses then its free energy from the requirement FG = max(FGhyp, FGnonhyp), where both contributions to the generalized free energy are smooth functions of their arguments. As the two indi vidual functions intersect, a first-order phase-transi tion is created, for a subfamily of the family {(q,ß)}. Due to the smoothness of the arguments, the points of such a nonanalytical behavior must be connected; they thus form what has been proposed should be called the 'critical line' [23] , Since in the case rele vant to us the nonhyperbolic contribution stems only from the neighbourhood of the origin, the relation FGnonhyp(^/?)= -ß \og c -q \og c' can be obtained, where c, c denote the slopes of the map of the support and of the measure, respectively, at point 0. In a sim ilar way, also the overall estimate FG (q, ß) 1 1 -----p log c ------q log c', where z, z' are the respective z z' order of the maxima, can be derived [22] . An example of a hyperbolic and a nonhyperbolic behavior is given in Figs, la ,b (for convenience we plot -FG(q,ß) for different, fixed g-values versus ß).
c) Manifestation in the Generalized Entropy Function
In earlier contributions [11] [12] [13] [14] [15] [16] [17] [18] [19] , the form of the generalized entropy function for hyperbolic models and its relation to the more specific entropy functions SG(e), <P(/.) and / (a), were investigated. Furthermore, the connection to experimentally obtained scaling functions was discussed. Hyperbolic systems lead gen erally to strictly convex specific entropy functions, whereas in the more relevant nonhyperbolic case a linear segment is obtained (compare, e.g., [26] [27] [28] [29] [30] [31] [32] ). This effect has even been observed in high dimensional experimental systems, where the dynamical and prob abilistic scaling functions have been reconstructed from time series [11, 13, 14] . A reprint of an example of the support of the generalized entropy of a hyperbolic model is given in Figure 2 . From the form of the sup port of the generalized entropy function it can imme diately be concluded (note the characteristic location of the lines along which the functions SG(e) and /(a ) are evaluated) that different combinations of phase transitions in the different spectra could be distin- -------------------------------------------- 1.0 £ 2.4 Fig. 2 . Scaling behavior of a hyperbolic three-scale Cantor set with restriction. The figure shows the a-E-area on which the entropy SG(a, e). The lines are indicated along which the functions Sg(e), </>(/.), ar>d /(a) are evaluated. These func tions themselves are strictly convex in their arguments.
guished from the place of the symbol sequence which triggers off the phase-transition effect. To give an ex ample, if sequence Ä = A A AAA... leads to such an effect, a phase-transition is obtained for the / (a)-spectrum, whereas sequence B = BBBBB... would lead to phase-transitions in SG(e), </>(/.) and / (a), at the same time, and so on. It is therefore useful to discuss the form of the generalized entropy function for the non hyperbolic model.
In our model, the interchange of the symbol posi tions within a given symbolic string is no longer al lowed, because the probabilities do not commute, due to the nonlinearity of the measure map. Therefore, already a two-symbol system can lead to a nondegenerate entropy function (compare the discussion of the generalized entropy function in [12] ). Using an ap proximation of finite level (n -10) we obtain the form of the generalized entropy function as described in Figure 3 a. Emanating from the top segment labeled by N, a 'sheet' touches the hyperbolic part along the critical line L (see Figure 3 b ). In the same figure, the support of the hyperbolic aspect of the system is shown by the dotted line S. From the form of the generalized entropy function it follows that the more specific scaling functions SG(e), 0(z) and / (a) inherit the phase-transition effect, this fact depending most prominently on the location of the line N with respect to the hyperbolic part. The partial entropy spectra SG(e) and /(a ) are shown in Figure 4 . Note the linear parts on the r.h.s. of the scaling functions (full lines). Their locations in the specific scaling functions are again seen to depend directly on the position of N with respect to the hyperbolic part of the generalized entropy function. Let us finally point out the relationship of the gen eralized entropy function of our model with the en tropy-like functions obtained for the logistic map. In our system, the appearance of the phase-transition like effect on the r.h.s. of the scaling function seems to be puzzling at first sight since in the scaling functions of the logistic map the analog phenomenon appears on the l.h.s. The phenomenon, however, can be under stood from the setting of our model, where the short est intervals generated by the measure map instead of the intervals of biggest weight are associated with the endpoints of the unit interval (0 and 1). In this way, in the (e, a)-plane the nonhyperbolic contribution ap pears above the hyperbolic contribution, the fact of which leads to the somewhat unexpected situation.
d) Periodic Orbits
For an improved understanding of the generalized entropy function let us make a comparison with the support of the periodic orbits of the system (see Fig  ure 5 ). As is easily found, the endpoints of the line N _____________________________ o 1 e 1.75 Fig. 5 . Location of the periodic orbits of the nonhyperbolic system in the a-e-plane. The regular pattern parallel to the y-axis is a consequence of the piecewise linearity of the tent map. The uppermost periodic points are labelled by their symbolic sequences.
are determined by the periodic orbits with the symbol sequences 10 = 1000000... (left end) and Ö = 000000... (right end point). These symbol sequences correspond to the endpoints 1 and 0 of the unit interval. For the system considered, in the limit of n ->oo, these points can be expected to converge to a point located above point Ö (same e), but at an even higher x-value than maximally attained by the system at level n = 10. In this way, the existence of a line at the upper end of the support of SG (a, e) must be considered as a finite-Nartefact. Furthermore, the phase-transition for SG(e) can be shown to vanish for n ->oo. The asymptotic result, which is of interest itself, will be discussed in a forthcoming publication.
Conclusions
In this contribution, with the help of an appropriate model, the theoretical tools were outlined which per mit us to predict and understand the different combi nations of first-order phase transitions which appear for generic dynamical systems. In addition, a means for the modelling of such spectra has been provided. This may help the physicist with the construction of realistic models of experiments.
